The purpose of the following note is to give a simple proof for the purity of the branch locus for local rings of characteristic p>0. Let R be a regular local ring of characteristic p>0, K its quotient field, k its residue class field. Let I-be a finite separable extension of K and S be the integral closure of R in L. It is well known that 5 is a finitely generated P-module and that S = r[h($)=iS<$, where 'iß runs over all prime ideals of S of height h(ty) = 1. Lemma 1. R is a faithfully flat Rp-module.
This follows from the commutative diagram Consider the sequence
The first arrow is an injection by Lemma 1, the second is an isomorphism, as R®Rv Lv^i{R®RP K*>) ®kp Lp and K^R®rp K» by the remark. The third arrow is an isomorphism, as L is separable over K.
As R [Sp ] is the image of R ® Rp S* in K [L" ], the lemma follows. If S$ is unramified over R, then it is also unramified over P [SP] . It follows that k^ -ka^k^lk^], as k$ is at the same time separable and purely inseparable over kQ. S$ is a finitely generated P[.Sp]qmodule by the above remark and 5$ = P[5p]q + q5$. By the lemma of Nakayama, we have 5$ = P[5pJq.
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